Abstract. We show that there is a model structure in the sense of Quillen on an arbitrary Frobenius category F such that the homotopy category of this model structure is equivalent to the stable category F as triangulated categories. This seems to be well-accepted by experts but we were unable to find a complete proof for which in the literature. When F is a weakly idempotent complete (i.e. every split monomorphism is an inflation ) Frobenius catgory, the model structure we constructed is an exact (closed) model structure in the sense of [7, J. Pure Appl. Algebra, 215(2011), 2892-2902.
Introduction
It is well known that stable categories of Frobenius categories [9] , as well as certain homotopy categories of Quillen model structures [14] , are two important methods for constructing triangulated categories. This note is aimed to make it clear that the first method can always be recovered from the second.
Recall that an exact category in the sense of Quillen [15] is a pair (A, E) in which A is an additive category and E is a class of kernel-cokernel sequences in A. Recall that a sequence A There is an axiomatic description of an exact category in [13, Appendix A] . Following [13] , in a kernel-cokernel sequence X f − → Y g − → Z in E, the morphism f is called an inflation, g is called a deflation and the short exact sequence itself is called a conflation. We will use Inf(F ) and Def(F ) to denote the class of inflations and deflations of F respectively.
An exact category (F , E) is called a Frobenius category if F has enough projective objects (relative to E) and injective objects (relative to E), and the projective objects coincide with the injective ones. We use I to denote the subcategory of injectiveprojective objects of F . Note that I is closed under direct summands by [4, Corollary 11.6] . Recall that given two morphisms f, g : X → Y in F , f is said to be stably equivalent to g, written f ∼ g, if f − g factors through some object in I. Denote by F the stable category of F whose objects are objects in F and whose morphisms are stable equivalence classes of morphisms in F . It has a well known triangulated structure as shown in [9, Theorem 2.6] .
In a Frobenius category F , a morphism f is called a stable equivalence if it is an isomorphism in the stable category F. We define the following three classes of morphisms in F :
The following result shows that M F = (Cof (F ), F ib(F ), We(F )) is a classical model structure (that is, not necessarily a closed model structure) on F in the sense of [ 
if either i is a cofibration and p is a trivial fibration (i.e., a fibration which is a weak equivalence), or i is a trivial cofibration (i.e., a cofibration which is a weak equivalence) and p is a fibration, then there exists a morphism h : B → X such that hi = f and ph = g.
(M2) Fibrations are deflations and closed under composition and pullback. Cofibrations are inflations and closed under composition and pushout. The pullback of a trivial fibration is a weak equivalence, the pushout of a trivial cofibration is a weak equivalence.
(M3) (Factorization property) Any morphism f in A can be factored in two ways: (i) f = pi, where i is a cofibration and p is a trivial fibration, and (ii) f = pi, where i is a trivial cofibration and p is a fibration. Let M = (Cof, F ib, We) be a classical model structure on an exact category F . As described in the beginning of [7, Section 4], we can construct Quillen's homotopy category of M without the full assumption that F has all finite limits and colimits. Recall that an object A ∈ F is called cofibrant if 0 → A ∈ Cof , it is called fibrant if A → 0 ∈ F ib, and it is called trivial if 0 → A ∈ We. Each object of F which is both cofibrant and fibrant is called bifibrant, we use M cf to denote the subcategory of F consisting of bifibrant objects. A path object for an object A ∈ F is an object Classical model structures on Frobenius categories. Let F be a Frobenius category. Then we define the classes of cofibrations, fibrations and weak equivalences of F as follows:
The following lemma characterizes trivial cofibrations and trivial fibrations.
Lemma 2.2. (i) An inflation i in F is a trivial cofibration if and only if coki is injective.
(ii) A deflation p in F is a trivial fibration if and only if ker p is injective.
Proof. We only prove the first statement since the proof of the second one is similar. If i : X → Y is a trivial cofibration, then i has a stable inverse j : Y → X. By definition, there is an injective object I and morphisms t : X → I and s : I → X such that 1 X − ji = st. By [4, Proposition 2.12], the morphism ( i t ) : X → Y ⊕ I is an inflation, so it has a cokernel J. Consider the following commutative diagram of conflations:
By the dual of of [4, Proposition 2.12], the right square of the above diagram is a pullback. Thus η : J → cokeri has a kernel I, so it is a deflation by [4, Proposition 2.15]. Since the morphisms i and (1, 0) are stable equivalences and the stable equivalences satisfies two out of three property, we know that ( i t ) is a stable equivalence, and then h factors through an injective object. Since (j, s) ( i t ) = 1 X , we know that the second row in the above diagram is split. Thus there is a morphism m : J → Y ⊕ I such that 1 J = hm, and then 1 J factors through an injective object. From which we can show that J is an injective object. By the conflation
we know that coki is a direct summand of J, and so is an injective object.
Conversely, if i is an inflation with cokeri ∈ I, then it is a trivial cofibration by construction. Thus we have Cof (F ) ∩ We(F ) = {i ∈ Inf(F ) | coki ∈ I}. (ii) Trivial cofibrations has the lifting property with respective to fibrations.
Proof. (i) Consider the following lifting problem
where i is a cofibration and p a trivial fibration. Then we have a commutative diagram of conflations
By Lemma 2.2, ker p ∈ I, thus the second row in the above diagram splits. So there is a morphism λ : Y → X such that pλ = 1 Y . Then p(f −λgi) = pf −pλgi = pf −gi = 0 and therefore there is a morphism v : A → ker p such that f − λgi = cv. For the morphism v, since ker p is in I, there is a morphism u : B → ker p such that v = ui. Thus we have f = (λg + cu)i. Let h = λg + cu. Then h is the desired lift.
Lemma 2.4. Every morphism f in F can be factorized as f = pi = qj, where
Proof. If f : X → Y is an inflation, take q = Id Y , j = f . For the construction of p and i, note that since F has enough projective objects, there is a projective object P and a deflation P → cokf . Then we have the following pullback diagram
Since deflations are closed under taking pullbacks, we know that p ∈ F ib(F ) and i ∈ Cof (F ). Since P ∈ I, the morphism i is also a weak equivalence by Lemma 2.2. This gives the factorization of f = pi. Dually, we can prove that the claim holds for deflations. Now suppose that f : X → Y is an arbitrary morphism in F . It can be factorized as 
. Then f = qj with q ∈ F ib(F ) ∩ We(F ) and j ∈ Cof (F ).
2.1. The proof of Theorem 1.1. We fist prove that M F is a classical model structure on F by verifying the axioms (M0) − (M3) of Definition 2.1 one by one. By construction, all the three classes of morphisms Cof (F ), F ib(F ) and We(F ) contain isomorphisms. By Lemma 2.3, we have (M0). (M2) follows from Lemma 2.4. Since stable equivalence satisfies two out of three property, we know that (M3) holds. For the proof of (M1), note that fibrations are deflations, which are stable under composition and pullback by the axiomatic description of an exact category. Similarly, we know that cofibrations are stable under composition and pushout. Suppose that we have a pullback diagram
with p ∈ F ib(F )∩We(F ). By Lemma 2.2, ker p ∈ I. By the dual of [4, Proposition 2.12], q is a deflation with ker q = ker p ∈ I. Thus by Lemma 2.2 again, q ∈ F ib(F ) ∩ We(F ) and in particular it is a weak equivalence. Similarly, we can prove that the pushout of a morphism which is both a cofibration and a weak equivalence is a weak equivalence. Thus M F is a model structure on F . With this model structure, every object in F is bifibrant. For each object X in F , we can choose a conflation Ω(X) ι X P (X) p X ։ X with P (X) ∈ I since F is a Frobenius category. Then X ⊕ P (X) is a path object of X:
It is straightforward to verify that two morphisms f, g : X → Y are homotopic if and only if they are stably equivalent. Thus Ho(M F ) is equivalent to F by Quillen's homotopy category theorem [14, Section I.1, Page 1.13, Theorem 1]. Now we have to prove that the triangle structure on F constructed by Quillen in [14, Section I.2, Page 2.9, Theorem 2] coincides with the one constructed by Happel in [9, Theorem 2.6]. In fact, for each morphism f : X → Y , since P (X) ∈ I, there is a morphism x f such that f p X = p Y x f , and then there exists a commutative diagram of conflations: Ω(X) (
